
Math Logic: Model Theory & Computability
Lecture 06

In order to avoid future headache with the definition of tree variables in

a formula
,
we make the following conventiondo exclude formulas of

the form (Kx(x =g) V ( (x = z))
,
where the came variable has both

quantified and free occurances.

Convention. A variable vi is said to be quantified in a r-formula 4 if
there is a subformula of the form Evi T in 4

.

We call 4 valid

if each variable vi is quantified in it at most once
,
i
. e
.

occurs in at most one subformat of the form Jvit
,
and if it

has such an occurance
,
then it doesn't appear anywhere else

outside of J vi 4.

- 5x+
m

Thus
,
[Wx)x =g) U ( (x = z)) is invalid because x is quartified but

also appears outside of the subformula Exc(x = g) . The only incouver-

nieuse with this convention is when we use binary logical connective
such as4V4

,YR4 ,
4 + 4

,
we red to make met

↳ andY use ferent sets of guantified variables. Below when

we say a "Reformula" wo mean "valid E-formula"

Def. A variable vi is said to be free in a (valid) -formula 4 if

it appears in 1 but is not quantified in 4
. For a rector :I

Nn
,
Una
...

Une)
,

we call 4(F) an extended reformula if all free

variables ofa appear in o and mone of the quartified
variables ofis appear in

. Note that as with extended
o-terms

,
i
may contain extra variables that don't appear in 4.

* reformula is called a sentence if it has no free variables.



Notation regarding relations. For a keary relation R on a set X i
.

e. RIX",
/

and a <X"
,

we often write "Ria" or "Ral holds" to just mean
that ER. We also say lot "R(a) fails" if AR

.

For example , for a binary relation -
,
we write X

, Ex2 and not
(x , xz) = & .

A Pray relation R on X is a subset of Xo = (03. Thus , either
R = X0 (always true) or R = 0 (always false) .

Def
.
For a restructure A := (A

,
5) and an extended or formula Y(V) with

n == (i)
,
we define the interpretation of 4

* (*) in A as an n-ary relation

by induction on the construction) length of Y as follows : for all EA"
:

(i) Y : = t , = tr. Then it must be that t, lit and tali) are extended in

terms and we define 4/5) (n) :< +(2) = t= (a) .

(ii) Y := R(t
, ...,
tr)
,
where Re Rello)

, ty ... the are or terms .

Then again itK

must be ht ti (i) is an extended otern for i=t , ..,K, so we define
&() (a) : < => R

*

(t* (*), ..., tlal) .

(iii) Y := 4, VYz
,
for reformulas Y

,
Ye

.

Then it must be Mt Y, (i) and
is it are extended r.formulas

,
and we define by induction :

YA lit() : <=> 4, A /t (a) or T* (F(() .

Li . e . the union of 4
,
A/) and M()

.

(iv) U := -4
,
for a -formula 4. Then Y(Y) is an extended -formk

so we define by induction:
YA() (a) : <=> P

*(E) (a) fails
.

li
.

e
.

the complement of 4(c)



(v) Y := Fu Y
,
where u is a variable and T is a reformula

.

Then a does

not appear in i and is not quantified in 4
. Thus

,
4/, u)

is an extended -formula and we define by induction :
↳
* (v)(a) :> there is bzA such But YEl, b) holds .

Caution. As (v) shows
,

we
may only quantif over the elements of

the underlying structure. This why we say that we studs first-

order logic. The second-order logic allows quantification over subsets
of the underlying structure

,
and is beyond his course.

Notation. Another was of saying let YE(F) (a) holds is to say that

A satifies Glitlat
,
and we write this as A F Y(v)(a)

.

Like with terms
,
we also drop (2) from motation and simply write

A FY(a) if i is clear from the context. As above
,
we
will use

other logical convectives 1
,
-> It and kartifier as abber
/

viations for u(Va)
,
+YVY) , 1 - N) 1/4 + 3)

,
2 Inr4

.

We also write t, Eth for + It
,
= tr) .

Examples . (a) Tarthm
:= 10

,
S
, +,

· )
,
where S is a unary function synbol and

the other symbols are as expected. Recall that := S (5101) ad

Let Y : = 2 = Vo
. Then Y(ro) is an extended Wart-formula and is inter-

peted in E : = (IN
,
0
, 5 , +, 1) , tee SE : NEIN

,
is a nuary

relation where
n(n+ /

Y F(vo) (a) holds <=> a = 2
,

i

. e. YF(vo) = 323 = IN.

(6) Again in (i = CIN
,
0
,
3
,
+, 1) , we have :

for = (x, y) : = =z(x+ z = g) , &F < (a ,b) a b
,
for all
(a
,
b) - IN2

.



for dir(x
, 3) := 7n(x . n = g) , UFdir(a , b) < a divides b.

fr all (a , b) EIN? .
for prime(y) := Kx(div(X , y) -> (x = 1 V x = y), primela
ca is prime, for all a EIN .

for each fixed natural number neIN
,
we can write a

Tarthe formula Fermath : = UxVyVz(x + yy .... y
= E . E ... iE <
um

(x = 0 Vy = 0 V z= 0) .

-
u

Z

Then we know that IF Fermate becaus 3 + 42= 2

for

example ,
but due ↓ the famous of A

.
Wiles

,
we how

know that &Fermate for all n =3
.

Caution
. It seems like we can't define the exponentiation function
in this structure

,
i
. e
.
a Tartn-formula U(Vo

,
4) such

that IFP1a
,
b
,
c) <=> a

b
= c

,
so we didn't use this

.

However
,
it is true But such a 4 exists

,
but is difficult

to see why . We will learn it as an exercise.

Goldback := Kx(dir(2
,
x) -> Bg7z(Primey) 1 Prime(z)1(x = y + z) .

Its interpretation in Ni= (N , 0, 3
, +, ) is the famous Goldback

conjecture ,
which is still one of the widest open problems in

number theory , so we don't know whether NFGoldback or not.

(b) For the same formula 4 := 2 = Vo
,
Y(v
, vi) is an extended Part for

mula andits interpretation in Ni = (N,O, +, b) isan
biea

NFU(a , b) < a = 2
.

() In 1 : = (1
,
0
,
1
, +, i) , the extended brunk Pos(x) : = Ey(x = y , y) .

Then for all atIR
,
we have REPosla) Et a is non-negative .


